The stellar velocity dispersion, σ , is a quantity of crucial importance for spiral galaxies, where it enters fundamental dynamical processes such as gravitational instability and disc heating.
INTRODUCTION
The stellar velocity dispersion is an important parameter in stellar disc dynamics and has a wide range of applications. The various velocity dispersion components are used to study the distribution of stars near the solar neighbourhood (e.g., Dehnen 1998; Dehnen & Binney 1998; Tian et al. 2015) and how stars of different ages are distributed (e.g., Wielen 1977; Dehnen & Binney 1998; Binney, Dehnen & Bertelli 2000) . This is used to make more detailed characterization of the structure and evolution of the Milky Way's stellar disc and its different components. These detailed local observations show that the anisotropy between the radial, azimuthal and vertical stellar velocity dispersion components such that σ R > σ φ > σ z . The ratios of these components (anisotropy parameters) are often thought of as the velocity ellipsoid (e.g., Schwarzschild 1907) and are crucial to quantifying the anisotropy and understanding its causes (e.g., Spitzer & Schwarzschild 1951; Jenkins & Binney 1990; Shapiro, Gerssen, & van der Marel 2003; Gerssen, Shapiro, & Griffin 2012; Pinna et al. 2018) . In particular, σ z /σ R has a minimum of 0.3 due to the bending instability (Rodionov & Sotnikova 2013) and is used to constrain these "disc heating" processes. σ z is used to measure the mass-to-light-ratio of galactic discs (e.g., van der Kruit & Searle 1981; Bershady et al. 2010) . In kinematic studies, σ φ /σ R is used to check the validity of the epicyclic approxima-E-mail: moses.mog@gmail.com tion for stellar motions in the plane of a disc and σ R is used to correct rotation curves for asymmetric drift (e.g., Binney & Tremaine 2008) .
The stellar radial velocity dispersion, σ R , is also one of the quantities that most radically affect the onset of gravitational instabilities in galaxy discs. It enters Toomre's (1964) stability criterion Q ≡ κσ R /(3.36 GΣ) 1 for infinitesimally thin stellar discs, as well as more modern and advanced local stability criteria for multi-component (e.g., Rafikov 2001 ) and realistically thick (e.g., Romeo & Falstad 2013) discs. Romeo & Mogotsi (2017) showed that stars, and not molecular or atomic gas, are the primary driver of disc instabilities in spiral galaxies, at least at the spatial resolution of current extragalactic surveys. This is true even for a powerful starburst and Seyfert galaxy like NGC 1068 (Romeo & Fathi 2016) . Thus σ R is now recognized, more confidently than before, as a crucial quantity for disc instability.
It is difficult to obtain accurate and resolved measurements of stellar velocity dispersions for a large sample of galaxies and velocity dispersion components are difficult to disentangle from line-of-sight measurements. This is why disc stability analyses use model-based estimates of σ R and make assumptions the anisotropy parameters (e.g., Leroy et al. 2008; Romeo & Mogotsi 2017) .
The Calar Alto Legacy Integral Field Area (CALIFA) survey (Sánchez et al. 2012 ) is a spatially resolved IFU spectroscopic survey of ∼ 600 nearby galaxies. The survey provides unprecedented detailed stellar kinematics for such a large and diverse sample of galaxies (e.g., Sánchez et al. 2017; Falcón-Barroso et al. 2017; Kalinova et al. 2017a ). This enables a detailed study of stellar velocity dispersions out to one effective radius and to test stellar dispersion dispersion models. Therefore we aim to use this wealth of quality data to calculate σ R . We follow this by studying the radial behaviour of σ R , its relation to galaxy properties and to test stellar velocity dispersion models.
We organize the paper as follows. The data is described in Sect. 2, the method and details about calculation of the σ R and model-based dispersions is in Sect. 3 . The results of the radial analysis, comparisons between observed and model-based dispersions and relation to galaxy parameters are described in Sect. 4 . These results are discussed in Sect. 5 and conclusions are in Sect. 6.
GALAXY SAMPLE AND DATA
This study is based on a sample of 34 nearby (D < 122 Mpc) spiral galaxies from the CALIFA survey (Sánchez et al. 2012) . This is the largest galaxy sample for which resolved stellar velocity dispersions, accurate stellar rotation curves, and molecular gas data are all available. These are the data needed to calculate stellar radial velocity dispersions and their correlations with galaxy properties, which we study in this paper and the following ones. The source of line-of-sight stellar velocity dispersions is the CALIFA high resolution observations (using the V1200 grating to achieve R ∼ 1650 at a wavelength of ∼ 4500 ) by Falcón-Barroso et al. (2017, hereafter F-B17) , who achieve a dispersion uncertainty of σ ∼ 72 km s −1 . We obtain molecular gas data from the EDGE-CALIFA, survey which is a resolved CO follow-up survey of 126 CALIFA galaxies with the CARMA interferometer by Bolatto et al. (2017, hereafter B17) . It has yielded good quality molecular gas data used in studies of the molecular gas properties of galaxies and in the role of gas and star formation in galaxy evolution. Finally we obtain stellar rotation curves and dispersion anisotropy parameters from the study Kalinova et al. (2017a, hereafter K17) , who use the axisymmetric Jeans anisotropic multi-Gaussian expansion dynamical method (Cappellari 2008) to derive these values.
We also select a subsample of galaxies for which stellar surface density data are available and Hubble type can be uniformly sampled, there are 16 galaxies in this subsample. The sampling of Hubble types is as follows: there are 3 galaxies for each Hubble type from Sa to Sc and a single Sd galaxy. This subsample is crucial to compare the trends between σ R and σ mod across a wide range of galaxy morphologies. We obtain the stellar surface density maps from Sánchez et al. (2016) , who developed a pipeline to determine Σ of CALIFA galaxies from the low resolution CALIFA Data Release 2 (Sánchez et al. 2012; Walcher et al. 2014; García-Benito et al. 2015) V500 observations.
The maps and data used in this analysis are derived from Voronoi 2D binned (Cappellari & Copin 2003) data cubes. The galaxy sample covers a wide range of properties such as Hubble types ranging between Sa and Sd, stellar masses ranging between 9.84 and 11.27 log(M /M ) and star formation rates between 0.7 and 15.1 M yr −1 . The global properties of the galaxy sample are shown in Table 1 . We use the galaxy properties, dispersion maps, stellar surface density maps, rotation curves and dispersion anisotropy values for our analysis.
METHOD
We derive the radial velocity dispersion σ R maps from σ los maps using the thin-disc approach (see, e.g., Binney & Merrifield 1998) . Firstly, the line-of-sight velocity dispersion is expressed in terms of the radial σ R , tangential σ φ and vertical σ z dispersion components by the general formula:
which requires the inclination angle of the galaxy i and the position angle of the galaxy φ (e.g., Binney & Merrifield 1998) . Romeo & Fathi (2016) define two parameters (based on the axis ratios of the dispersion anisotropy components): A = σ φ /σ R and B = σ z /σ R in order to rewrite the above equation in the form:
Following the epicyclic approximation of an axisymmetric disc with approximately circular orbits A ≈ κ/2Ω (e.g., Binney & Tremaine 2008) , where Ω is the angular frequency and κ the epicyclic frequency. Each of these parameters can be determined from rotation velocity V R as follows: Ω = V r /R and κ = R dΩ 2 /dR + 4Ω 2 . We use K17 rotation curves to calculate κ and Ω, and use their dispersion anisotropy parameter β z = 1 − σ 2 z /σ 2 R . We calculate B using B = 1 − β 2 z . Therefore we have the necessary parameters to calculate σ R from σ los using Equation 1 thus we use maps of A, B, φ and σ los to calculate σ R and produce maps of it for each galaxy.
We use σ los maps to mask out unreliable σ R values by imposing 40 km s −1 as a lower limit on our σ los , because σ los are highly unreliable for σ < 40 km s −1 (F-B17). We further apply a cut-off to exclude data with relative uncertainties greater than 20%. This value is based on the median relative uncertainty of data with σ ∼ 40 km s −1 being 20% (F-B17). After we apply these we are left with reliable σ R maps for each galaxy.
We derive the radial profiles of σ R by dividing σ R maps into tilted rings that are circular in the plane of the galaxy. Then we calculate the median and its associated uncertainty for each radial bin of width 0.2 R e . Only annuli that contain more than 2 data points are used for the σ R (R) calculations. In such data some individual rings contain few data points and some have a large fraction of outliers, therefore we use the median and its associated uncertainty for robust statistical measures (e.g., Rousseeuw 1991; Müller 2000; Romeo, Horellou, & Bergh 2004; Huber & Ronchetti 2009; Feigelson & Babu 2012) . In our study we calculate the uncertainty of the median by using the median absolute deviation (MAD):
where X i are individual measurements, X med is their median value and N is the number of pixels (Voronoi bin centers) in each ring where there are detections. These equations are robust counterparts of the mean uncertainty formula which uses the standard deviation (SD): Müller 2000) . We use these medians and associated uncertainties to determine the final radial profiles for σ R and A.
The third step of the data analysis is to compare σ R with modeled radial dispersions σ mod . We use the common approach used by (Leroy et al. 2008 , hereafter L08) to determine σ mod (see Ap- Table 1 . Galaxy properties.
Name
Type 
Notes.
Column 1: galaxy name; Column 2: Hubble type; Column 3: ratio of vertical to radial velocity dispersion calculated from β z derived by K17; Column 4: metallicity; Column 5: stellar mass; Column 6: molecular gas mass; Column 7: star formation rate; Column 8: stellar scale length; Column 9: molecular gas scale length; Column 10: star formation scale length. Column 2 and 4-10 are from B17.
pendix B.3 of L08) :
where l is the stellar exponential scale length and Σ is the stellar surface density. This model assumes that the exponential scale height of a galaxy does not vary with radius, the flattening ratio between the scale height and scale length is 7.3 (Kregel et al. 2002) , that discs are in hydrostatic equilibrium and that they are isothermal in the z-direction (e.g., van der Kruit & Searle 1981; van der Kruit 1988) and that σ z /σ R = 0.6 (e.g., Shapiro et al. 2003) . For each galaxy in our subsample we take the Σ map and l values (from B17) and use Equation 5 to derive a map of σ mod . Then we divide the σ mod map into tilted rings that are circular in the plane of the galaxy. And we determine the radial profile by calculating the median and its associated uncertainty for each radial bin of width 0.2 R e . The ouputs of this procedure are maps and radial profiles of σ mod for each galaxy in our subsample.
RESULTS

Radial profiles
In Figure 1 we show the σ R of each Voronoi bin and as a function of galactocentric radius (σ R (R) ) for each galaxy in our sample. There are large variations in the radial behaviour of σ R between galaxies, but the general trend is of decreasing σ R with increasing R. The increase in σ R at low R is a natural consequence of radial inflow and is mediated by local gravitational instabilities (e.g., Griv, Gedalin, & Yuan 2002; Romeo, Horellou, & Bergh 2003 , 2004 Agertz et al. 2009; Forbes et al. 2014; Goldbaum, Krumholz, & Forbes 2015 , 2016 Romeo & Fathi 2015) . The surface density Σ and κ increase due to radial inflow, but Σ dominates which causes the Toomre (1964) parameter Q = κσ /πGΣ to decrease. Disc heating then occurs as follows: local instabilities set in when Q drops below the critical stability value which causes σ to increase. This process is illustrated in section 7.1 of Kormendy & Kennicutt (2004) .
Comparisons between σ R and σ mod are displayed in Figure  1 . The radial behaviour of σ mod is dominated by the typically ex- ponential smooth decrease of Σ and in the figure we see a far more pronounced decrease of σ mod with increasing R than for σ R . Figure 1 shows that σ mod overestimates σ R at low R, and in general at R = l we find that σ R < σ mod . The data and shallower decline result in a switch-over at larger R where σ R σ mod . However, due to the sparseness of σ R data at large R we cannot conclude that this is the general behaviour. Figure 2 shows the radial behaviour of A and B parameters calculated from kinematic parameters derived by K17. Parameter B is constant due to the assumption of a constant β z by K17 and A typically decreases with increasing R from a maximum ∼ 1. There is a large variation in B between galaxies, ranging between 0.4 and 1.3, which is larger than found in previous studies and typically used in models (Shapiro et al. 2003; Leroy et al. 2008; Romeo & Fathi 2016; Pinna et al. 2018 ).
We now study the relationship between σ R (R) and galaxy properties. In Figure 3 we plot σ R as a function of galactocentric radius and galaxy properties. The plot is a qualitative indicator of any trends between σ R (R) and galaxy properties rather than a quantitative one. The are large σ R variations between and within galaxies as in Figure 1 . The data does not extend far out enough to determine whether the radial behaviour of σ R correlates with any of the properties. However, from the Figure we see that galaxies with higher M tend to have larger σ R and there is a weak correlation between M mol and σ R .
Correlations
We want to quantify these relationships over a physically significant region of the galaxy and hence calculate the radial average of σ R (R) over one effective (half-light) radius, robustly estimated via the median σ R and its associated uncertainty for each galaxy. These are derived using the same method as σ R (R) but with a ring width equal to 1 R e . The σ R for each galaxy are plotted against various properties in Figure 4 . The Pearson's and Spearman's correlation coefficients (r P and r S respectively), their corresponding p-values (which indicate the probability of a null-hypothesis) and best-fitting linear parameters of each σ R -parameter plot are shown in Table 2 . Linear fits were were parametrized as follows: log σ R = a log X + b for fits performed using the robust median method and log σ R = c log X +d for fits performed using the leastsquares orthogonal distance regression (ODR) method. The latter method takes into account uncertainties of both variables whereas the former does not take into account any uncertainties but is a more robust fitting method. The best-fitting lines and parameters are only shown in Figure 4 and Table 2 for cases where there is a strong and significant correlation between variables, we define this case as |r| > 0.5 and p < 0.05. The relative strengths and significances of correlations are consistent whether Pearson's or Spearman's correlation coefficients are used.
In Figure 4 we see that σ R is correlated with M , M mol and SFR respectively. This is confirmed by the correlation coefficients shown in Table 3 . The radial average of the stellar radial velocity dispersion σ R (R) over 1 R e , robustly estimated via the median, plotted as a function of Hubble type, B, metallicity, M , M mol , SFR, l , l mol and l SFR . Dark points show the subsample of galaxies for which we calculated model-based velocity dispersions. The red lines represent the best-fitting lines using a robust median-based fit method and the blue lines represent the best-fitting lines from least-squares fitting.
significant correlation with σ R , the correlation between them has r S = 0.85 and p S = 1.5 × 10 −10 . The best-fitting linear relationship is log σ R = (0.45 ± 0.05) log M + (−2.77 ± 0.50) with a root mean squared (rms) scatter of 0.10 dex (26 %); therefore σ R ∝ M 0.45 . M mol has the next strongest and significant correlation (r S = 0.77 and p S = 1.3 × 10 −7 ) followed by SFR (r S = 0.60 and p S = 1.9×10 −4 ). And their best-fitting relations have rms scatter values of 0.14 and 0.18 dex respectively. The power law indices of the M , M mol and SFR relations are close to 0.5 when uncertainties are taken into account, when no uncertainties are taken into account the indices are lower and range between 0.30 and 0.32.
We also see weak σ R correlations with Hubble type (r S = −0.52) and metallicity (r S = 0.43), both have lower significance than the aforementioned properties, their p-values less than 0.05 . The other parameters (σ z /σ R , l , l mol , l SFR ) are not correlated with σ R , their p-values are larger than 0.05 .
Finally we test the σ mod model by determining the radial average of σ mod (R) over 1 R e , robustly estimated via the median and comparing it with the observation-based σ R in Figure 5 . We plot them against the velocity scale: GM /l determined from the global properties: M and l . Figure 5 is consistent with the findings in Figure 1 where we find that σ mod > σ R in the inner regions, and the difference between them tends to decrease as R increases. The data used in Figure 5 are shown in Table 3 . We see in Figure  5 and Table 3 that σ mod > σ R for most galaxies. Figure 5 has a line of σ R = 0.4 GM /l , which is where we expect the L08 Table 2 . Correlation coefficients and best-fitting parameters for σ R versus galaxy properties.
Hubble Stage (T) −0.58 3.3 × 10 −4 −0.52
0.83 1.6 × 10 −9 0.85 1. 
Notes.
Column 1: galaxy property ; Column 2: Pearson's rank correlation coefficient; Column 3: p-value for Pearson's rank correlation; Column 4: Spearman's rank correlation coefficient; Column 5: p-value for Spearman's rank correlation; Column 6,7: a and b parameters from the robust median-based fit log σ R = a log X + b , where X denotes galaxy property; Column 8,9: c and d parameters from the least-squares fit log σ R = c log X + d; Column 10: rms scatter of scaling relations. 0 100 200 300 400 500 600 Figure 5 . The radial averages of the stellar velocity dispersion σ R (R) (red circles) and model-based velocity dispersion σ mod (R) (blue diamonds) over an effective radius R e , robustly estimated via the median, all plotted against the velocity scale: GM /l . Dark red points show the subsample of galaxies for which we calculated model-based velocity dispersions. A σ R = 0.4 GM /l relation is shown by the black line.
σ mod values to lie. σ R values lie on or below this line and σ mod data tend to lie on or above this relation. Therefore σ mod does not accurately model σ R . The expected relation between σ R and GM /l requires that 1) σ R follow an exponential decline with radius and 2) that the spatial bin size of data points be equal. However, Figure 1 shows that σ R (R) has a wide range of shapes even though it tends to decline with radius. Therefore it is not always declining exponentially 0 100 200 300 400 500 600 ] Figure 6 . The radial averages of the stellar velocity dispersion σ R (R) (red circles) and model-based velocity dispersion σ mod (R) (blue diamonds) over the stellar scale length l , robustly estimated via the median, all plotted against the velocity scale: GM /l . Dark red points show the subsample of galaxies for which we calculated model-based velocity dispersions. A σ R = 0.5 GM /l relation is shown by the black line.
and due to the nature of our data the second condition of equal spatial bin sizes is not satisfied either. These are the likely reasons for σ mod not following a slope of 0.4 . The fact that σ mod overestimates σ R significantly in the inner stellar disc becomes even clearer if we consider the radial average of σ R (R) over one exponential scale length l in Figure 6 . We see that the data are further away from the expected relation. The plot shows that σ mod over-estimates the observationally based Notes. Column 1: galaxy name; Column 2: median of observed σ R ; Column 3: median of model-based σ R ; Column 4: velocity scale.
σ R within l , the differences are larger than in Figure 5 and are greater than 50 km s −1 in the most extreme cases. This comparison confirms that the difference between σ R and σ mod is largest at small radii.
DISCUSSION
Sources of uncertainty arise from the calculation of the anisotropy parameters and σ R , these quantities are difficult to determine and require many assumptions (e.g., Hessman 2017; Kalinova et al. 2017b) . Recent work has improved our ability to determine these parameters (e.g., Cappellari 2008; Martinsson et al. 2013; Kalinova et al. 2017b; Marchuk & Sotnikova 2017) . The σ z /σ R and σ φ /σ R values we use in this analysis are calculated from parameters derived by K17, who use modern sophisticated modelling to derive them from observations (see Cappellari 2008) .
The σ R values we use are derived from F-B17's CALIFA σ los observations. The data are of high quality but are limited by the spatial resolution, sensitivity and velocity resolution relative to typical σ los of the survey, introducing uncertainties to our analysis. More galaxies and better radial data will improve our characterization of the radial behaviour and help to determine whether the radial trends are a function of other properties. We apply a dispersion cut-off and 20% error cut-off ensure that we use reliable and accurate data. The dispersion cut-off resulted in many low σ R data being excluded from our analysis. The loss of low quality data points has the largest effect on our analysis at large radii, where there are few high quality data suitable for our analysis. Current IFU surveys can only provide reliable σ R profiles within R e . Despite these uncertainties we can still conclude that σ mod values overestimate σ R at small R (particularly within l ) and the difference between σ mod and σ R decreases with increasing R for R < R e .
The M -σ R correlation we find is consistent with findings by Bottema (1992) , who found a correlation between σ R and the luminosity of the old disc. This correlation has not been explicitly shown for nearby galaxies in terms of the total stellar mass until this study. The galaxy Main Sequence (e.g., Noeske et al. 2007; Daddi et al. 2007; Elbaz et al. 2007; Catalán-Torrecilla et al. 2017) shows the correlation between M and SFR. Hubble type is inversely proportional to stellar mass and metallicity is correlated with stellar mass via the mass-metallicity relation (e.g., Lequeux et al. 1979; Tremonti et al. 2004; Sánchez et al. 2017) . Therefore the correlation and anti-correlation between SFR, Hubble type and metallicity with σ R can be put in terms of the stellar mass. Gerssen et al. (2012) found a correlation between σ R and molecular gas surface density, therefore the M mol -σ R correlation can be thought of as a reflection of that, and it hints that GMCs may play a role in disc heating. The non-correlation between σ z /σ R and σ R is expected (e.g., Gerssen et al. 2012) and hints that there is a component of disc heating that only affects σ R . The σ R versus M , M mol and SFR relations have similar power law indices, which is consistent with observations that show that the stellar and molecular discs approximately track each other (e.g., B17).
CONCLUSIONS
In this study we have used observed line-of-sight σ los and fitted dispersion anisotropy parameters to determine σ R for 34 galaxies from the CALIFA survey. These galaxies cover a wide range of properties such as Hubble types ranging from Sa to Sd. We compare σ R values to model-based σ R , study how they change with radius and study how they relate to galaxy properties. Our major conclusions are as follows:
(i) Model-based dispersions over-estimate σ R at small radii. The difference can be greater than 50 km s −1 within a stellar scale length. Therefore model-based dispersions do not accurately model σ R and the use of high quality stellar line-of-sight velocity dispersions will result in more accurate stability parameters, asymmetric drift corrections, and better constraints on disc heating processes.
(ii) The radial average of σ R over the effective radius is correlated with M , M mol and SFR, it is weakly correlated with metallicity and weakly anti-correlated with Hubble type. The σ R versus SFR, metallicity and Hubble type relations can be thought of in terms of the σ R -M relation, which has the strongest and most significant correlation. And the best-fitting line to the relation is : log σ R = 0.45 log M − 2.77 with a rms scatter of 0.10 dex compared to 0.12 and 0.18 dex for M mol and SFR.
(iii) The results found in this paper confirm, with a large sample of nearby star-forming spirals, the findings of Romeo & Mogotsi (2017) : using observed, rather than model-based, stellar radial velocity dispersions leads to less stable inner galaxy discs and to disc instabilities driven even more by the self-gravity of stars. This shows, once again, how important it is to rely on high-quality measurements of the stellar line-of-sight velocity dispersion, such as those provided by the CALIFA survey and those promised by second-generation IFU surveys using the Multi Unit Spectroscopic Explorer (MUSE).
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